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Lyapunov Optimal Saturated Control for Nonlinear Systems
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A generalized feedback control law design methodology is presented that applies to systems under control
saturation constraints. Lyapunov stability theory is used to develop stable saturated control laws that can be
augmentedto anyunsaturatedcontrol lawthat transitionscontinuouslyat a touchpointon the saturationboundary.
The time derivative of the Lyapunov function, an error energy measure, is used as the performance index, which
provides a measure that is invariant to the system dynamics. Lyapunov stability theory is used constructively to
establish stability characteristics of the closed-loop dynamics. Lyapunov optimal control laws are developed by
minimizing the performance index over the set of admissible controls, which is equivalent to forcing the error
energy rate to be as negative as possible.

Introduction

T HE slewing of precision pointing spacecraft with reaction
wheels has produced a need to address the stability of sys-

tems under saturated control. If a slew maneuver is performed that
saturates one or more of the reaction wheels, does the spacecraft
remain stable? Should the feedback gains be scaled back to keep
all of the controls in the unsaturated region, or is it more bene� cial
to let some controls saturate and others operate unsaturated?These
questions have led to the development of nonlinear optimal feed-
back control systems that are designedby Lyapunov’s directmethod
and remain stable under saturated conditions.

The concept of optimal feedback controllers that are designed
with Lyapunov stability theory can be found as far back in the lit-
erature as a homework problem in Ref. 1, which originated in is-
sues raised by Ref. 2. Kalman and Bertram2 introduced the idea of
designing an optimal controller for a linear system that has satura-
tion constraints. In this case, the controller design is performed for
the entire state-space region, i.e., both saturated and unsaturated.
More present day applications include developments in Refs. 3 and
4, where the concept of Lyapunov optimal is utilized for feedback
controllerdesign.A control law is Lyapunovoptimal if it minimizes
the � rst time derivative of the Lyapunov function over a space of
admissible controls. More generally, a set of feedback gains is op-
timized by minimizing the tracking error of the feedback controller
while tracking a speci� c reference maneuver.

In this paper, we employ the concept of Lyapunov optimality to
design stable, saturated controllers for nonlinear systems. Sensor
and actuator dynamics have been neglected to focus on the effects
of control saturation. The Lyapunov function is the total error en-
ergy, which for most mechanical systems is equivalent to an ap-
propriate Hamiltonian function.5 The performance index is the � rst
time derivativeof the Lyapunovfunction,which is the instantaneous
work rate and is a kinematic relationship independentof the system
dynamics.5 This truth is fundamentalbecause it means the structure
of the controller depends only on the kinematic model, and so the
same control law stabilizes a large class of dynamical models. This
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means a high degreeof robustnessis implicit in this approach.A key
region of interest is all of the state space where the controls are sat-
urated. As a result of developments herein, the unsaturated control
space is only considered when the saturated controller approaches
the saturationboundary,which may be a touch point. Upon passing
through the saturation boundary, an unbounded optimal feedback
controller can be employed in the unsaturated region. It is usually
desirable, especially for � exible structures, that control transitions
be continuous.

General Controller Design
Lyapunov’s direct method is attractive to design globally asymp-

toticallystable,nonlinearfeedbackcontrollers.The Lyapunov func-
tion is typically chosen as the total error energy of the system

U D T C V (1)

where T is the kinetic energy and V is the potential energy. The
implicit reference state in Eq. (1) is the target state. U is typi-
cally positive de� nite, but when it is not, an additive � ctitious en-
ergy function3;4 equivalent to a position feedback loop with to-be-
designedfeedbackgains can be used to modifyU appropriately.Be-
causemostmechanicalsystemsarenaturalsystems,theHamiltonian
specializes for this case to the total system energy, which motivates
the alternative use of the Hamiltonian as a more general Lyapunov
functioncandidate.5 The reference state in Eq. (1) is the target state;
thus, U can be interpreted as the error energy of the system.

The � rst time derivative of the Lyapunov function in Eq. (1) is
the instantaneouswork rate

PU D PH . p; q/ D
n

i D 1

@H

@pi

Q i (2)

where H is the Hamiltonian,q D q.t/ is the n-dimensionalgeneral-
ized coordinate vector, p is the n-dimensional generalized momen-
tum vector, Q is the generalized force vector, and . / ´ d=dt . /. To
be more speci� c,6 L is de� ned as the system Lagrangian, where

L D T .q; Pq/ ¡ V .q/ (3)

with the classical de� nitions

pi D @ L

@ Pqi

(4)

and

H .q; p/ D
n

i D 1

pi Pqi ¡ L.q; Pq/ (5)

leading to Hamilton’s canonical equations

Pqi D @ H

@pi

(6)
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and

Ppi D ¡
@ H

@qi
C Q i (7)

The combination of Eqs. (2–7) produces the power (work/energy)
equation7¡9

PU D
n

i D 1

Pqi Q i ´
M

i D 1

L i ¢ !i C
N

i D 1

Fi ¢ PRi (8)

which is independentof the systemdynamics.Equation (8) is a kine-
maticquantitythat applies to any system and is an ideal performance
index for this problem. In Eq. (8), fF1; : : : ; FN g and fL1; : : : ; L M g
denote a set of forces and moments acting on a mechanical sys-
tem. PRi denotes the inertial linear velocity of the point where Fi

is applied. The component !i denotes the inertial angular velocity
of the point where L i is applied. Note that Eq. (8) can be written
immediately without further reference to the dynamical modeling
assumptions and, therefore, holds for an in� nity of systems. It is
implicitly necessary, however, that the actual system must be con-
trollable and the actual Hamiltonian must be positive de� nite with
respect to departures from the target state. Otherwise, it is neces-
sary to establish suf� cient insight to modify U and/or the number
of control inputs.3

The goal of the controller design process is to choose a control
law, i.e., select the equation form of the generalized forces, from an
admissible set that will stabilize the system in an optimal fashion,
i.e., make PU as negative as possible. For saturated controls, the
classical stabilizing controller takes the form

Qi D ¡Qimax sgn. Pqi / (9)

which is Lyapunov optimal for the performance index

J D PU D
n

i D 1

Pqi Qi (10)

The control law is optimal in a senseanalogousto Pontryagin’s prin-
ciple for optimal control because the controls are selected from an
admissible set jQ i j · Q imax such that the instantaneouswork rate is
minimized at everypoint in time. Note that mathematicaldif� culties
andpracticalsystemperformanceissuesarise if this controlleris im-
plementeddirectlyformost systems.2 The discontinuityat theorigin
must typically be replaced with a region of unsaturated control to
avoid chatteringnear Pqi D 0. This unsaturatedcontroller can either
approximate the discontinuityor be some other stable/optimal feed-
back controller that transitions from the saturated controller on the
saturation boundary. We restrict attention to control laws that tran-
sition continuouslyat the saturation boundary. The obvious choice
is to augment Eq. (9) with a linear controller of the type

Q i D
¡K i Pqi for jK i Pqi j · Q imax

¡Q imax sgn. Pqi / for jK i Pqi j > Q imax

(11)

where K i > 0 is a chosen feedback gain. This control continuously
transitionsacross the saturationboundaryand eliminateschattering.
Note that Eq. (11) allows some elements of the control vector to be-
come saturated, whereas others are still in the unsaturated range.
This differs from conventionalgain schedulingand deadbandmeth-
ods, which typically reduce the feedback gains to keep all controls
in the unsaturated range.

Two examples are solved in this section to demonstrate the gen-
erality of this feedbackcontrollerdesign process; subsequentexam-
ples of increasing dimensionalityand generality are used to further
illustrate the ideas.

Example 1: Duf� ng Oscillator
The � rst example is the design of a control law for a single-

degree-of-freedomnonlinear oscillator. Assuming m; c; k; kN > 0,
the equation of motion is

m Rx C c Px C kx C kN x3 D u (12)

and the Lyapunov function (the system Hamiltonianof the unforced
and undamped system) is

U D 1
2
m Px2 C 1

2
kx2 C 1

4
kN x4 (13)

The performanceindex is the time derivativeof Eq. (13) and can be
written immediately from Eq. (8) as

J D PU D Px Q D Px.¡c Px C u/ (14)

For bounded control juj · umax, the performance index J is mini-
mized by the feedback controller

u D ¡umax sgn. Px/ (15)

Using this control law, PU is reduced to the energy dissipation rate

PU .x; Px/ D ¡c Px2 ¡ umax Px ¢ sgn. Px/ (16)

Note that an arbitrary, unknown, positive de� nite potential energy
function 1V .x/ could be added to U in Eq. (13) and the negative
gradient of 1V to Eq. (12), and exactly the same result would be
obtained for Eqs. (14) and (15). Thus, the structure of the control
law and the stability guarantee is invariant with respect to a large
family of modeling assumptions.

Inasmuch as PU .x; Px/ of Eq. (16) is negative semide� nite, it can
only be concluded at this point that the system is stable; thus, x
and Px will remain bounded. Because the control u is bounded by
de� nition, Eq. (12) shows that Rx will also be bounded. To prove
asymptotic stability, the higher derivatives of U must be investi-
gated. A suf� cient condition to guarantee asymptotic stability is
that the � rst nonzero higher-orderderivativeof U , evaluated on the
set of states such that PU is zero, must be of odd order and negative
de� nite.9 The only equilibrium point where PU vanishes is Px D 0.
The second derivative of U is

d2U

dt 2
D ¡2c Px Rx ¡ umax Rx sgn. Px/ (17)

which is zero for all x when Px = 0. The third derivative of U is

d3U

dt3
D ¡2c Rx2 ¡ 2c Px d3x

dt 3
¡ umax

d3x

dt 3
sgn. Px/ (18)

Using Eq. (12), we � nd on the set where Px D 0 that

d3U

dt 3
Px D 0

D ¡2
c

m
kx C kN x3 2

(19)

which is a negative de� nite function of x . Therefore, the saturated
control law in Eq. (15) is globally asymptotically stabilizing.

Example 2: Rigid Body Detumbling
The second example is detumbling a rigid body spacecraft to

zero angularvelocityat an unspeci�ed orientation.Althoughcontrol
torque saturation is considered in this rigid body example, control
momentum saturation has not been addressed. The equations of
motion are

I P! C [ Q!]I! D u (20)

where I is the positivede� nite matrix of principalmoments of iner-
tia, ! is the body-�xed angular rate vector insteadof the generalized
coordinate Pq, and u is the control torque vector. The tilde matrix [ Q!]
is de� ned as

[ Q!] D
0 ¡!3 !2

!3 0 ¡!1

¡!2 !1 0

(21)

Because the rigidbodyorientationis unspeci� ed, we can consider!
to be the state vector, and the system is of order three.The Lyapunov
function is then the system kinetic energy

U D 1
2
!T I ! (22)
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and the time derivative of Eq. (22) is adopted as the performance
index (energy rate)

J D PU D !T u (23)

We note Eq. (23) is simply the (kinematic) work/energy equation,
which we have written immediately. In this case, formal differen-
tiation of Eq. (22), substitution for I P! from Eq. (20), requires we
recognizeor verify that the work rate of the gyroscopic term is zero,
i.e., that !T .[ Q!]I!/ D 0 . For more complicateddynamics, the use
of Eq. (8) saves considerable algebra. Thus, it is not necessary to
reinvent the work/energy equation for each special case; we know
it already. Obviously, an in� nite set of controls makes PU negative
de� nite in Eq. (23), but for bounded controls fju i j < umaxig the re-
sulting Lyapunov optimal control law that minimizes Eq. (23) is
clearly

u D ¡A sgn.!/ (24)

where we use the notational compaction

sgn.!/ D [sgn.!1/; sgn.!2/; sgn.!3/]T (25)

and A is a positive de� nite diagonal weight matrix:

A D
umax1 0 0

0 umax2 0

0 0 umax3

(26)

This control law minimizes the performance index PU to

J D PU D ¡!T A sgn.!/ (27)

which is negativede� nite. Therefore,u is a globally asymptotically
stabilizing saturated control able to detumble a rigid body from any
arbitrary rotation to rest.

As was pointed out, a direct implementation of this saturated
control will cause chattering around ! D 0. As outlined in Eq. (11),
the saturatedcontroltorque is augmentedwith the linearunsaturated
controller of the type

u i D
¡ki ! i for jki !i j · umaxi

¡umaxi sgn.!i / for jki !i j > umaxi

(28)

where ki are chosen feedback gains.

Tracking Controller Design
To includethecontrolproblemfor a slewing spacecraft,thedesign

of trackingcontrollers that remain stable under saturatedconditions
must be considered. The formulation of the prior section is modi-
� ed to accommodate trackinga reference motion xr .t/ by rewriting
Eq. (1) as the total tracking error energy

UT D 1T C 1V (29)

In this case, the concept of Lyapunovoptimality is dif� cult to de� ne
because tracking stability cannot typically be guaranteedduring the
intervals while the controls are saturated. Nevertheless, globally
asymptotically,stable tracking controllers can often be achieved by
generalizingthe methodused in theprecedingsection.A generalized
work/energy equation that is equivalent to Eq. (8) is not possible
because the position and/or attitude error tracking coordinates are
measured in a noninertialreference frame. Also, considerationmust
be given to whether the prescribed trajectory is a feasible exact
trajectoryof the system. The following two examples,motivatedby
Refs. 5 and 7, demonstrate the tracking feedback controller design
process.

Example 3: Duf� ng Oscillator, Trajectory Tracking
The nonlinear oscillator of Eq. (12) is discussed � rst. Let the

tracking error 1x be given as

1x D x ¡ xr (30)

The Lyapunov function that is interpretedas the total tracking error
energy is de� ned as

UT D 1
2
m1 Px2 C 1

2
k1x2 C 1

4
kN 1x4 (31)

The reference trajectory xr .t/ is any smooth differentiablefunction.
The � rst time derivative of Eq. (31) is

PUT D 1 Px m1 Rx C k1x C kN 1x3 (32)

which, makinguse of Eq. (12) and requiringEq. (32) to be negative,
leads to the followingunsaturatedfeedforward/feedbackcontroller:

uus D m Rxr C c Pxr C kxr C kN x3
r C 3kN xxr 1x ¡ A1 Px (33)

and for saturated control, to minimize PUT in Eq. (32), we � nd

u D umax sgn.uus/ (34)

where A is a positive feedback gain. Using uus from Eq. (33) in
Eqs. (12) and (32), the performance index PUT becomes

PUT D ¡.c C A/1 Px2 (35)

which is negative semide� nite. Therefore, the tracking errors 1x
and 1 Px will be stable and bounded in the absence of model errors.
Assuming the reference motion xr .t/ is bounded, then the control
torque uus will also be bounded. To investigate asymptotic stability
with respect to the reference trajectory using unsaturated control,
let us investigatethe higher derivativesof UT . The only equilibrium
point of PUT occurs where 1 Px D 0. The second derivativeof UT is

d2UT

dt2
D ¡2.c C A/1 Px1 Rx (36)

Because 1x , 1 Px , and uus are bounded, Eqs. (12) and (30) can be
used to show that 1 Rx is bounded.Thus, the second derivativeof UT

is zero at the equilibrium point. The third derivative of UT is

d3UT

dt 3
D ¡2.c C A/1 Rx2 ¡ 2.c C A/1 Px

d31x

dt 3
(37)

Using Eq. (12), this can be evaluated on the set of states for which
1 Px vanishes as

d3UT

dt 3
1 Px D 0

D ¡2
c C A

m
k1x C kN 1x3 2

(38)

which is negative de� nite for any tracking error 1x . Thus, the un-
saturated feedforward/feedbackcontrolleruus is globally asymptot-
ically stabilizing in the absence of feedforward model errors.9

It is prudent to evaluate the stability boundaries of the saturated
control law of Eq. (34). The � rst step is to neglect the nonlinear
terms and rewrite Eq. (34) as

u D umax sgn.[m Rxr C c Pxr C kxr ] ¡ A1 Px/ (39)

which imposes the suf� cient stability constraint of

jm Rxr C c Pxr C kxr j · jumaxj (40)

In other words, the required force to track the reference maneuver
cannot exceed the maximum control authority. In hindsight this is
an obvious result, if one expects to track an arbitrary reference tra-
jectory.The second step is to include the nonlinear terms of Eq. (34)
that produce the following suf� cient stability constraint condition:

m Rxr C c Pxr C kxr C kN x3
r C 3kN xxr 1x · jumaxj (41)

Whereas the linear approximate result of Eq. (40) only depends on
the absolute reference trajectory, Eq. (41) shows that the nonlinear
stability boundary dependson the time history of the tracking error,
as well as the reference trajectory.One way to interpret the stability
constraint of Eq. (41) is that the rate of growth of the tracking error
under saturated conditionsmust be limited to the remaining control
authority after accountingfor the reference trajectoryrequirements.
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This may be illustrated by expressing the stability constraint of
Eq. (41) as

juus C A1 Px j · jumax j (42)

Employing the triangle inequality yields the suf� cient condition

jA1 Px j · jumax j ¡ juusj (43)

which is a conservativestability constraint on A1 Px . Positive values
of A cause thecontrolto saturateearlier than if a controleffortbound
is simply placedonEq. (33) for A D 0. However,under the saturated
condition, the system is still stable so long as Eq. (41), or more
conservativelyEq. (43), is satis� ed. Becauseclosed-loopstability is
dependent on the reference maneuver and predicted dispersionsoff
the reference maneuver, trajectory design is an iterative procedure.

Continuing with example 3, system stability and trajectory de-
sign issues will be further exempli� ed by simulation results using
numerical values for this example. The mass m is 1 kg, the stiffness
k is 5 N/m, the nonlinearstiffnesskN is 25 N/m3 , and the damping c
is 0.1 Ns/m. The velocity feedbackgain A is 100, and the maximum
controllereffort umax is set at 30 N. The reference trajectoryadopted
is

xr D 0:5 C 0:4 sin.2¼ t £ 1:5 Hz/ (44)

Notice that the maximum force required for the mass m to track xr

is larger than umax , saturating the actual applied force. Although the
lack of compatibility between umax and xr .t/ is easily resolved by
changing either, we consider this dif� culty because we often face
this situation in practice. To help illustrate the difference between
control saturationand stability constraintviolation, the time regions
where the stability constraint of Eq. (41) is violated are grayed out
in the following � gures.

The tracking errors shown in Fig. 1 grow during the intervals
where the stability constraint is violated. Likewise, there is a slight
decreasein trackingerror betweentheseunstableregions,consistent
with the theoreticalasymptotic stability for the unsaturated regions.

Figure 2 shows the control force u. Although the control clearly
saturates,the stability constraintis violatedonly during subintervals
of the torque saturationregions.A plot of PUT is shown in Fig. 3. Re-
call that the stabilityconstraintof Eq. (41) is derived from enforcing
PUT to benegative.For thisone-dimensionalsystem, theregionwhere

the stability inequality Eq. (41) fails corresponds directly with the
region of positive PUT . For higher-dimensionalsystems, this type of

Fig. 1 Tracking error.

Fig. 2 Actuator force.

Fig. 3 Time derivative of UT .

stability condition will typically provide a much more conservative
estimate of the stable region boundary than what the actual stabil-
ity region boundary really is. This truth will be illustrated in the
following example.

In practice, the referencemaneuvercan be designedwith Eq. (41)
in mind to allow an adequatemargin for a � nite 1x stability region.
An important issue for practical applications is the dependence of
this process on knowledge of the system dynamical model.

Example 4: Detumbling Rigid Body to Speci� c State
Another tracking example deals with detumbling a rigid body

and requiring it to track a prescribed reference trajectory.The body
orientation relative to an inertial frame N is given through the 3 £ 3
orientation (direction cosine) matrix [BN ]. The reference orienta-
tion is givenby the orientationmatrix [RN ]. The relativeorientation
between the actual and the reference orientation is given at any in-
stant by [B R] D [BN ][RN ]T . The attitude tracking error is then
describedby themodi� edRodriguesparameter10¡13 vector¾, which
minimally parameterizes the [B R] matrix. Choosing ¾ to parame-
terize the attitude error is one of many possibilities,but as is evident
subsequently, this leads to a very attractive control law. Among
many other advantages, these three parameters are nonsingular for
all possible§180-deg rotationsand have near-linearkinematics for
up to §90-deg rotations.10;14;15 For tracking motions, we are virtu-
allycertainof always being in the near-linearrange.This truthvastly
expands the ranges of physical motions over which linear control
theory (for gain design) is valid.The differentialkinematic equation
for ¾ is

d¾

dt
D 1

2
I

1 ¡ ¾T ¾

2
C [ Q¾] C ¾¾T ±! (45)

Let ! be the actual body angular velocity written in the body-
� xed coordinate system, and let !r be the reference body angular
velocity written in the reference attitude coordinate system. Then
the error in body angular velocity is

±! D ! ¡ [B R]!r (46)

The error in body angular acceleration is given by

± P! D P! ¡ [B R] P!r C [ Q!][B R]!r (47)

Let the Lyapunov function be de� ned as10;11;14

UT D 1
2 ±!T I±! C 2K log.1 C ¾T ¾/ (48)

where K is a scalar attitudefeedbackgain.Using the log functionon
a positive measure of tracking error in UT results in the remarkable
truth that¾ appearslinearly,withoutapproximation,in PUT (Ref. 11):

PUT D ±!T I± P! C ±!T .K ¾/ (49)

After using the expression for the body angular acceleration and
substituting the equations of motion given earlier, PUT is reduced
to

PUT D ±!T .¡[ Q!]I! C u ¡ I [B R] P!r C I [ Q!][B R]!r C K ¾/
(50)
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Note that, becausewe are using a trajectoryrather than a � xed point
as the energy reference, we cannot write PUT immediately using
Eq. (8). Let us de� ne the unsaturated control torque uus as

uus D I .[B R] P!r ¡ [ Q!][B R]!r / C [ Q!]I ! ¡ K ¾ ¡ P±! (51)

where P is a positive de� nite body angular velocity feedback gain
matrix. This unsaturated control law reduces PUT of Eq. (50) to the
nonpositivequadratic form

PUT D ¡±!T P±! (52)

and causes the closed-loop equations of motion to be the elegantly
simple linear form

I± P! D ¡K ¾ ¡ P±! (53)

Because PUT is simply negative semide� nite, only stability and
not asymptotic stability can be concluded. To prove that this unsat-
urated control law indeed leads to asymptotic stability, the higher-
order derivativesof UT need to be investigated.All pointswhere PUT

vanishes lie on the set Z where ±! D 0. The � rst nonzero higher-
order derivative of UT must be of odd order and negative de� nite
for the system to be asymptoticallystable.9 The secondderivativeof
UT is

d2UT

dt 2
D ¡± P!T P±! ¡ ±!T P± P! (54)

which is zero on Z where ±! D 0. The third derivative of UT is

d3UT

dt 3
D ¡± R!T P±! ¡ 2± P!T P± P! ¡ ±!T P± R! < 0 (55)

After using Eq. (53), evaluating d3UT =dt 3 is

d3UT

dt3
±! D 0

D ¡2.I ¡1K ¾/
T

P.I ¡1 K ¾ / (56)

which is negativede� nite on the set Z where ±! D 0. Therefore uus

is an asymptotically stabilizing tracking control law in the absence
of model errors.

Now assume that the available control torque about the i th body
axis is limited by umaxi . Then following earlier analyses, we de� ne
a modi� ed control law u as

ui D
uusi for uusi · umax i

umaxi ¢ sgn uusi for uusi > umax i

(57)

A conservative stability boundary (a suf� cient condition for sta-
bility) for this modi� ed control torque is found to be

j.I .[B R] P!r ¡ [ Q!][B R]!r / C [ Q!]I! ¡ K ¾/i j · umaxi (58)

Note that, for this higher-dimensional system, this stability con-
straint may be overly conservative. The condition in Eq. (58) is
violated if the inequality fails about any one axis. As will be shown
in the following example, for higher-dimensional cases the region
where the stability inequalityconstraint is violated will typically be
larger than the region of positive PUT .

If zero reference motion is assumed from the beginning, then the
preceding analysis leads to a globally asymptotically stable regu-
lator for bounded torques. Thus, if Pxr .t/ ! 0 at some � nal time
t f , then thereafter the end game, i.e., for t > t f , has global asymp-
totic stability.Following this analysis, theunsaturatedcontroltorque
becomes the simple linear control law

uus D ¡K ¾ ¡ P±! (59)

and the modi� ed control torque is the same as before in Eq. (57).
Note that this control law guarantees to return a rigid body from
any arbitrarily large errors in orientation and angular velocity to a
speci� ed orientation at rest, assuming of course that enough fuel
is available. Thus, global nonlinear controllability and stability are
guaranteed. By using the modi� ed control torque, reaching a umax i

about one of the body axes does not affect whether PUT is nega-
tive and, thus, does not affect the asymptotic stability. Because the
reference motion and model nonlinearity affects the structure of
the unsaturatedcontrol law in Eq. (51) and the stabilityboundary in
Eq. (58), the robustnessof this approachto trackingcontrollerdesign
requires further study for each family of maneuvers and estimates
of model uncertainty.

The control law in Eq. (57) is illustrated with the following nu-
merical simulation.The diagonal inertia matrix has the entries 385,
298, and 212 kgm2 . The reference maneuver is a smoothed near-
minimum-time maneuver14 starting at rest from the 3-1-3 Euler an-
gles (¡20, 15, and 4 deg) to the angles (40, 35, and 40 deg) with
a � nal body angular velocity of (0, 1, and 0 deg/s). This type of
open-loop reference maneuver replaces any instantaneous torque
switches with cubically splined ones. The � nal maneuver time is
112 s. The initial attitude error in 3-1-3 Euler angles is (1, ¡2, and
1 deg). The initial body angular velocity error is (¡0:025, 0.1, and
0.025 deg/s). The umax vector containing the maximum available
torque about each body axis is (0.15, 0.2, and 0.15 Nm). The sim-
ulation was purposely chosen to periodically saturate the controls
and violate the stability constraint of Eq. (58).

As with the numerical simulation in example 3, the time regions
where Eq. (58) is violated due to torque saturation are shaded a
light gray in the following � gures. As a comparison, the regions
where PUT is actually positive are shaded a dark gray. As expected,
the stability constraintviolationsof Eq. (58) are overly conservative
and no longer coincide with areas of positive PUT as they did with
the earlierone-dimensionalexample.The maneuver is behavingin a
stable fashion despite having large regions with stability constraint
violations.Note that PUT is ultimatelystrictlynegativeafter t D 80 s.
BecauseEq. (58) is veryrestrictive,the referencemaneuversfor such
torque saturated rotations often need to be designed interactively
using Eq. (58) as an initial estimate.

The attitude trackingerror ¾ is shown in Fig. 4. The initial track-
ing error is reducedto almost zero by the maneuver end. This occurs
despite the stabilityboundarybeing violatedduring two time spans.
Keep in mind that having occasionalexcursionsof PUT > 0 does not
guarantee instability; it simply cannot guarantee stability.

The angular velocity tracking error ±! is shown in Fig. 5. It too
is reduced to near zero by maneuver end. The torque vector u is
shown in Fig. 6. As in Fig. 2, the regions where PUT is positive
are a subset of the regions where the torque about one of the body
axes is saturated. Note also that not always are all three body axes

Fig. 4 Attitude tracking error norm.

Fig. 5 Angular velocity tracking error norm.



1088 ROBINETT ET AL.

Fig. 6 Control torque vector.

saturated.The simulationcontainscaseswhere onlyoneor two body
axes are saturated.Note that the light gray stabilityconstraint region
of Eq. (58) extends over most of the torque saturated regions and
evenover some unsaturatedregions.However, the dark gray regions
of positive PUT only actually cover a smaller portion of the saturated
torque cases. Covering some unsaturated regions further illustrates
the conservativenatureof the stabilityconstraintin Eq. (58) because
all unsaturated regions were shown to be asymptotically stable.

Concluding Remarks
A study is presented of Lyapunov optimality and the role of sat-

uration constraintswhen using Lyapunov’s direct method to design
nonlinear feedbackcontrollers for mechanical systems.For the spe-
cial and usual case of controlled dynamics near a � xed point, it is
shown how to ef� ciently design control laws and analyze global
closed-loop stability properties. These laws are robust with respect
to dynamicalmodelerrorsbecausetheyare derivedfroma kinematic
work/energy principle.For the case of tracking-typecontrollers, the
� xed-point developments are extended and it is shown how to de-
sign controllers and analyze closed-loopstability using Lyapunov’s
direct method. Certain dif� culties and pitfalls are noted due to satu-
ration constraints,conservativenessof stability suf� cient condition,
and robustness issues.
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